This article is concerned with a generalization of the well-known HardyLittlewood-Polya (HLP) inequality to higher dimensions n 2 2. We also show via construction of a counterexample that for certain exponents and consequently in some spaces such extension is impossible. %
INTRODUCTION
In this paper, we generalize the well-known Hardy-Littlewood-Polya (HLP) inequality (l.l)-(1.3) to higher dimensions. This inequality has applications in many areas of mathematics including approximation of functions; see Theorem 3.4.6 in [ 11. Let us recall the classical HLP inequality: THEOREM (G. H. Hardy, J. E. Littlewood, and G. Polya [2, Theorem 3301) . Let 1 -c p < co, E # p-1. Further, let f be a function dbfined on (0, co ) and such that s ,a /f(t)/" t"dt< 00.
Then the following inequality holds: Substitute (1.5) and (1.6) into (1.4) to see that (1.4) reduces to (1.1). The generalized HLP inequality (1.4) for p = 2 and k = 0 has been used in deriving a priori estimates of solutions to some nonlinear partial differential equations (see [4, 6] ). One application of (1.4) in particular is to obtain estimates of the solution of semilinear Klein-Gordon equations in !R3
OU(t,X)+puIUIP-l(t,X)=O, (1.7) where and XEtR3.
The estimate obtained then is used to prove the existence of solutions to (1.7). A solution to (1.7) can be expressed in terms of an integral equation
where the integral is taken over the backward light cone with vertex at (t, x), and u0 is the solution of Ou,(t, X) = 0. If one uses the change of variable Y = y -x and dv = fi dY, the integral in (1.8) becomes
One can use an inequality of type (1.4) to estimate (1.9). As an example, consider p = 5. Then using Holder's inequality, we obtain
The first integral on the right can be approximated via an energy estimate, while the second one is of type (1.4) for n = 3, p = 2, and k = 0, but this can also be approximated by an energy estimate. For details and further discussion of this problem, see [6] . An estimate of the type (1.10) that leads to existence and uniqueness of the solution to the semilinear Klein-Gordon equation (1.7) motivates the search for a more general inequality where p, q, C, s, and 1 are positive real numbers. Theorems 1 and 2 show that (1.11) holds forp=q>2, and UE C,"(W\(O}), th e set of all infinitely differentiable functions with compact support in W\(O), n 2 2. For other choices of p, q, I, and C the question remains open. In Section 3 we verify, by using a counterexample, that when 1= n, inequality (1.4) does not hold.
STATEMENT OF THE RESULT
Let HeNand ke% and assume n-kf2; then for all UEC,"(%"\(O)) For 26~~~0, n-k#2, and for all UEC;(%~\(O}) we have the following generalization of (2.1): (2.2) This inequality will be referred to as a "generalized" Hardy-LittlewoodPolya inequality since it reduces to (1.1) when u is a radial function. This is obviously a generalization of the HLP inequality only when p > 2. We summarize all these in Theorem 1 and Theorem 2. The first integral on the right hand side can be simplified. After using Green's identity we obtain The roots are real (which is needed to fulfill (2.5)) provided that We use Holder's inequality on the right-hand side to show that where t = p/2, l/q + l/t = 1, and k, + k, = k. Now let k,q = k -t 2. Theln k, = (k + 2)/q and k, = k -(k + 2)/q. Also q(p -2) = p, since I/q = 1-2/p. Therefore, it is easy to establish that k, t = k-p + 2. Substitution into (2.16) gives which is in turn substituted in (2.15) as
But 1 -l/q = l/t = 2/p so that we have p2 (n-k-2)2 2/P ' which proves (2.2). is the best possible constant for (2.1) and consequently is the best for (2.2). Note that this is consistent with the best possible constant of the Hardy-Littlewood-Polya inequality.
Remark 2. The HLP inequality has an application in weighted Sobolev spaces. See for example [3, p. 283 . The generalized HLP inequality has applications, as we showed in our introduction, in establishing the existence of a solution to nonlinear Klein-Gordon equations (see [6] ) and in elliptic equations (see [4, p. 4511 ).
Remark 3. The inequality (2.2) holds only when 2 d p < 00. The question of whether this can be extended to 1~ p < co is an open question.
